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SUBMODEL OF ROTATIONAL MOTIONS IN GAS DYNAMICS

S. V. Khabirov UDC 517.944 + 533

An invariant submodel of the equations of gas dynamics constructed on a one-dimensional
subalgebra consisting of the sum of operators of rotation and translation in time is studied
within the framework of the SUBMODELS program. The system of equations of the submodel is
brought to symmetric form. Hyperbolicity conditions for the system are derived. Group analysis
is performed and an invarient solution is considered. Isobaric flows are listed. For the simplest
of them, characteristics and strong discontinuities are considered. Necessary conditions for
eristence of solutions without singularities on the aris are derived.

1. Equations of the Submodel. The equations of gas dynamics are considered in the cylindrical
coordinates ¢, z, r, and 6; U, V, and W are the velocity projections onto the unit vectors, and p and P
are the pressure and density. The invariant solution (1] is written in terms of the invariants of the operator
X1+ X100 =0 +0:U =u,V =9, W = r(w + 1); the functions u, v, w, p, and p depend on z, r, and
8 = 0 — t; therefore, on the level line of the functions, a point moves in a circle at a constant circular velocity.

Substitution of this representation of the solution into the equations of gas dynamics gives the following
equations of the submodel:

Du + p~H(pz,pr,m"2ps) = (0, r(w +1)%, =2rMo(w + 1)) = a,
Dp + Adivu = —r"! A, Dp + pdivu = —r~py, (L.1)
Hereu = (u,v7w) = (ul’uza u3)7 divu = uz + v, +ws, D= u0z + v0, +wah A= A(P,P) = pCZ, = af/aP)
p = f(p,S) is the equation of state, and S is the entropy.

System (1.1) is brought to symmetric form. For this, instead of the last equation we write the equation
for the entropy DS = 0. The linear replacement of the velocities v* = b‘ u" u* = cfv', and b iwCF = 8} reduces
system (1.1) to the following system for the vector function q = (v!,v%,v3,p, S)*:

B q,i =F. (1.2)

Here z! = 2,22 =1, 28 = 5, F = (d!,&%,d%,d%,0), &* = —vi(r-1d + c:.‘z,,), d' = bia* + pb‘ ,c’ vkt o™,
a = (a',a?,d%),

1

peivf 0 0 b} g“ 0
' 0 pciot 0 b? g* 0
B'= 0 0 pciof  blg® o |,
o c g  Aldo* 0
0 0 0 0 civ*

gt' =¢?? =1, and ¢ = r~?(i=1,2,3).
The matrices B* are symmetric if the following conditions are satisfied:

i = bkg¥. (1.3)
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Hence, we obtain |c*|? = g and c' - c* =0 (i # k), where ¢' = (¢, ch, ch)t. Therefore, if the direction of one
of the vectors c' is specified, then the matrix ¢} is completely determined with accuracy up to the rotation
around this direction.

System_ (1.2) and (1.3) is symmetric hyperbolic if one of the matrices B' is positive definite. The
eigenvalues B* are calculated from the formulas

. . . . 1 . .\ 1/2
X =uf = ot (p+ A7 £ (7 (0 - A7) + %)
This leads to the positive-definite conditions p > 0 and u* > ¢(g%)!/? > 0.

The characteristics of system (1.2) and (1.3) are found from the equality

DO =

i i i
y A3 =y, Mg =

3 - .
detd B¢ =0,

=1
where & = (£},£2,¢3) is a normal vector to the characteristic surface. We obtain the triple characteristic Cp:
3

Z u'¢' = 0, and two other characteristics are possible, which are defined by the equality

1=1

3. . N2 3 3. . a2

(Z u'{') - > (Zcif') =0.

i=1 k=1 “i=1

. This equality is written in matrix form as ¢H¢* = 0 [2], where H = h® h —~ G(z), h = (h!, A%, h3),
h* = c¢71u', and G = (¢*) = diag(1,1,r~2). If the eigenvalues of the matrix H, which are all real, have
different signs, there are two real characteristics Cy.

The equation that defines the eigenvalues has the form
fO) =X -~ I A2+ Joh = J3 =0,

where
Ji=trH=|h]?=trG = uflc?-2-r2
Jr=trH l'det H=trG ' detG — hPtrG+ hGh'=1+2r"% — Ju)?c"2(1 + r~2) + wc2(r"2 = 1);
Js =det H = det G(—=1 + hG™ ' h*) = r~2(~1 4 |u|?c™? + wlc~3(r? — 1)).
According to the Routh theorem, the number of positive roots of the polynomial f()) is equal to the

number of sign inversions in the sequence 1, —Jj, J3 — J3J| 1 and —J;.
The hyperbolicity region of system (1.1) for a fixed solution is defined by the systems of inequalities

J1>0, Qi< J3, J3>0,
J1<0, JoJ1 > J3, J3>0,
J1<0, JoJi<J3, J3>0

if the sign inversions are one in number and by

>0, o1 > J;3, J3<0,
J1>0, JoJi < J3, J3 <0,
Ji < 0, Jo 1 > J3, J3<0
if the sign inversions are two in number
Solving these inequalities, we come to the following proposition.
Proposition 1. System (1.1) is hyperbolic on a solution in the region defined by the inequality

w4+ 0% 4+ r2w? > 2 (1.4)

In physical variables, condition (1.4) becomes U? + V2 + (W —r)? > ¢%, from which it follows that for
large r, system (1.1) is always hyperbolic even for subsonic physical velocities. For W ~ r, inequality (1.4)
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TABLE 1

No. A Augmentation operators
2 | po(pr™) (r-1Z+2vY,
3 | pe(pe?) Y,

4 #(p) Z

5 pe(p) Z+2Y,
6 TP Y,, 2
8 | #lpe™?) Z-2
9 #(p) 41

10 70" Yi,(v-1)Z + 27Y,

1 P YP, Yl

12 1 Y,z

13 0 Z2,Y,(p)

is not necessarily satisfied, although the physical flow is supersonic. This distinguishes system (1.1) from the
system of equations for steady flows.

2. Group Classification and Invariant Solution. System (1.1) admits the equivalence
transformations z' = a1z, r' = air, ¥’ = aju, v = aqqv, o' = azp, p' = afas(p + a3), and A' = alay4,
where a; are parameters; the remaining variables are invariant. With an arbitrary function A(p,p), system
(1.1) admits the Abelian algebra Lz = {9;,d,}, which is the kernel of admissible algebras and the normalizing
factor of the subalgebra X7 + Xjo in the algebra L;; of the equations of gas dynamics [1]. Augmentation
of the kernel occurs in exactly the same cases as for the initial model {1] (see Table 1), except for the case
A = (5/3)p. The numbering in Table 1 is the same as in Table 1 of {1]: Z = 28, + r8, + ud, + v8, — 2p0,,
and Y, ;) = p¢'(p)0p + ¢(p)0p, Where ¢ is an arbitrary function. This table is a result of group classification
of system (1.1) by an arbitrary element A.

Remark. Any augmentation of the kernel is a quotient algebra of the normalizer of the subalgebra
X7+ Xy0 in the corresponding augmentation L3 on an ideal X7 + Xj9, because, from the augmentations of
Table 1 in {1}, it is easy to select operators that coincide in invariant variables with the operators given in
Table 1 of the present paper for the corresponding augmentations.

The optimal system of subalgebras for the kernel is obvious, because for Abelian algebras there are no
nontrivial internal automorphisms. We consider an invariant solution constructed using the algebra L. The
solution u, v, w, S, p depends only on r. For v # 0, five integrals for the quotient system are valid:

S(p,p) = So(pSp + AS; =0), u=uy, rwp=Ey, r*l+uw)=B8,
E2~257? 4 I(p) + r=2B? = (2. (2.1)

p
Here Sg, ug, Eg, wo, B, and C are constants and I = 2/p"1c2(p) dp 2 0.

0

Proposition 2. For an ordinary gas, Eq. (2.1) gives a limited two-value function p(r) defined in
the region v > ro > 0. The first branch py > p > p(ro) = po, for which the radial velocity is subsonic,
increases monotonically. The second branch 0 < p < po, for which the radial velocity is supersonic, decreases
monotonically.

Proof follows from the properties of the function I(p) for an ordinary gas [3, p. 101].

In physical variables, the solution is defined by the formulas U = ug, V = Egr~1p~1 and W = Br-1.
It describes steady gas flow from a cylindrical nonpoint source r > ro with swirl W # 0.

For v = 0, the solution with three arbitrary functions

u(r), w(r), p(r), p=r"'p(w+1)"? (2.2)

describes steady stratified motion of particles along helical lines on the cylinders.
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3. Isobaric Flows. For the submodel considered here, there is a wide class of flows with constant
pressure p = po. The general solution of isobaric flows is obtained in [4]. In the present paper, we give another
representation of the solution for the submodel. System (1.1) becomes overdetermined:

uuz + vu, + wu, = (0, r(w+ )2, =2rw(w+ 1)), divu+r~lv =0, up; +vpr +wp, = 0. (3.1)

This system admits, besides the translations 0; and 3,, two stretchings z9; + udy and 0, +v8,. Thus,
from any exact solution with constant pressure, the indicated admissible group allows one to obtain a solution
with five arbitrary constants. The general admissible group cannot be calculated until (3.1) is reduced to
involution, although it is possible to indicate two other admissible operators 8, and pd,.

System (3.1) is integrated in Lagrangian variables, one of which is the streamline parameter 7:

-1y _ o=l =1y _ — - =
uldr =v dr =w " ds =dr, zlf=0—£, r|r=0—1’, slr____o—-(. (3.2)

Here the point (£,7,() lies on a two-dimensional surface that is not tangent to the field (u, v, w). System (3.1)
becomes

ur =0, ve=r(w+1)? w,=-2r"lo(w+1), pr=0, r(uz+ws)+(rv), =0.- (3.3)
With accuracy up to the stretchings, the solution of (3.2) and (3.3) is

g=€6+71, rP=p>+7242rf, greos(s+1—¢) =92 +1f,

u=1, v=r(r+f), w=-1+r*- A% p=p,

where f = nsin ((+ & —(f —&)) and () is an arbitrary function. The quantities &, , ¢, and f are functions
of two parameters. Any two of them can be used as parameters. The translations admitted by system (3.1)
specify transformations of the similarity between the solutions. The general solution (3.4) is divided into two
cases.

(3.4)

Case 1. £ and n are parameters and { = 0, f(¢,9):
T=z—§ rsin(s+7)=7cos(é—-¢p), rcos(s+7)=n+7sin(f—¢p),
psin(€—@)=f, u=1, v=ri(r+f), w=-1+r"cos(t - ).

For ¢()) = —A, we obtain an invariant d;-solution.
Case 2.  and ( are parameters and ¢ = 0, f({,7):

f=nsin(C—@(f)), r2=nl+a’+2f, nroos(s+z—C)=n’+af,
u=1, v=rYz+f), w=-1+r"2ncos(¢—¢).

For ¢ = 0, the solution is defined by explicit formulas.
A simple solution is obtained from (3.4) for f = 0:

rsin(s+z—p(—€))=z—-§ u=1, v=sin(s+z—o(-£)), w=—1+r'lcos(s+z—-<p(—§)).

If, in addition to that, ¢ = 0, we obtain a periodic solution which is specified everywhere except for
the z axis. Using stretchings, translations, and inversions (the constants can take negative values as well), we
can reduce it to a simple solution that depends on five constants:

u=1up, v=gosin(s+uglz—s), w=—1+gor ' cos(s+ uglz — so), (3.5)
P = po, P = po.
In physical variables, the solution becomes
U=u, V= qosin(:z:ual +0—-t+6y), W= qocos(a:ual + 60—t +6), (3.6)

P = po, P = po-

This solution defines gas flow from the z axis.
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4. Characteristics and strong discontinuities. Characteristic surfaces for the equations of gas
dynamics can be constructed for an invariant solution of submodel (1.1) 3, p. 60].
The invariant characteristic surfaces hA(z,r,s) = const are defined by the submodel (1.1):

Co: uhs + vhy + wh; =0,
Ci:  uhg+vhy+wh,tcqg=0, g=(h2+h2 +r-2h2)1/2,
The bicharacteristics are defined by the equations
Co: doz=u, dor=v, dogs=w (streamline),
Cy: diz =utcoshzg™!, dir =v+cosh,g~!, dis=w + coshyr=2¢77,
dih = (1 — r~2)h2q™!, dih, = —ughy — vzhy — wohs F c2q,
dihy = —ushy — vehy — wehs £ coshfr":’q"1 Fcrqy, dihs = —ushy — v hy — wehs F coq.

For solution (3.5), the streamline is the irregular helical line go(z — 7o) cos (s + zug’) = rougsin (s —
so + ug'(z — zo)) on the surface of revolution formed by the hyperbola uir? = gi(z — z9)% + 2(z —
Zo)rouogosin (so + o) + r3. In this case, the characteristic surface is defined by the equation goz =
uorsin (ug 'z + s) + @(rcos (ug'z + s)). The region of existence of the characteristics Cy is given by the
inequality r2 — 2rqq cos (s + uy 'z — sg) > CF — u? — ¢3.

For r = 0, the supersonic flow condition is obtained.

For solution (3.5), the equations of the bicharacteristics have two integrals, ugh; — ks = C) and
hZ + r"zhg = 022, which, together with the equation of the characteristics A = s + ug 1:z:, ughz + qosin Ak, +
(=1 + gor~Y cos A)hy £ co(h2 + R2 + r~2h2)1/2 = , give all derivatives of the function k. Since the integrals
are in involution, % is defined by the quadrature

h=C+ Cuglz+ G;/rcoswd/\+sinwdr, 4.1)
where the function w = w(A, r) satisfies the equation
go cos (w — ) £ co[ug2(C1 G5! + rcosw)? + 1J¥2 = 0.

Equation (4.1) gives the full integral of the equation for the characteristics Cx. It is used to determine
characteristics for solutions [4].

The surface of a strong discontinuity in cylindrical coordinates is given by the equation F(¢,z,r,0) = 0.
The normal and the normal velocity are

n=V.F|V.F|™!, Dn=-F|V.F|"!, V.=(8:,0, 6 r'd).
For an invariant surface and invariant solution the following equalities are valid:
F =h(z,r,s), Dpn=heq™?, n=(hsh,r kg,
qg=(h2 +R2+r72R)V? & =up — Dy = (uhs + vh, + why)g?,
n, =u—upn = (u(l — hyg™ 1), 0(1 = heg™ 1), w — (w + 1)¢71h,).

A contact discontinuity [3, p. 38] is characterized by the conditions [p] = 0, up = Dy, and [us] #0. In
invariants, the equalities become

bl=p2—p1 =0, uihs+vih, +wih, =0, i=1,2. (4.2)

The subscripts 1 and 2 denote the limiting values on the discontinuity surface on its different sides.
Proposition 3. For solutions (3.5), an invariant contact discontinuity is possible only foru; = up = ug,

lg] #0:

h = rug(q cos (s + ug 'z + s1) — g2 cos (s + ug 'z + 52)) + qug2zsin (51 — s2) = C. (4.3)
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Proof. For solutions (3.5), equalities (4.2) are written as

Yih = uihs + gisin(s +si + w7 z)h, + (=1 + gir " cos (s + s; + ulz))h, = 0. (4.4)
This system should be closed, and, hence, the equation
M, Yalh = (u; — uz)(qguz_l cos(s+ s+ u{lz) + qlul_1 cos(s+s1 + ul'l:c))h,
—r~Y(gouz'sin (s + 52 + uzlz) + qruytsin (s + 51 + uTlz))hs =0 (4.5)

should hold by virtue of (4.4).
The invariants of Eq. (4.4) for i = 1 are

I=rqi cos(s+s1 +uflz), J= zul! - rq; lsin (s + 51 + u'z).
In these invariants, Eq. (4.4) for i = 2 becomes

hi(z(zus! — J) + g2q7 Yuyt sin (s — 51 + 2z)) + hy(ur! + &I + g2q7 'uz  cos (s2 — 51 + 2z)) =0, (4.6)
where & = uy! — uyl. )
The functions z, sin(s2 — 51 + &), and cos(s; — s + @) are linearly independent, and the variable z
is free in (4.6). Hence, z should not enter into (4.6). This is possible only for 2 = 0, i.e., u = u; = uq. Then,
(4.5) holds identically, and solution (4.6) takes the form (4.3).

A shock wave is defined by the relations 3, p. 39]

P2 P2 —pi 2_P1P2—D1
u 0, wi=221T =027
funl # 0, oy pr—-p 1 mp-m;
where H is a Hugoniot function, and u, and u, are the normal velocity and the velocity component tangent

to the shock-wave surface. The last vectorial equation is equivalent to the following system of equations for
an invariant shock wave:

H(p2,p2; p1,71) =0, [us] =0,

[u]hy = (6] ke = r~H{w] " h, = qlw]™. (4.7)
This leads to the equality

[u]? + [v)? + r*[w]? = [w]*. (4.8)

Proposition 4. For solutions (3.5) a shock wave cannot ezist.
Proof. For an invariant shock wave, Eq. (4.8) takes the form

[w]? = [u]® ~ ¢F — a3 + 2q1q2 cos ([s] + z(uz! —ui)) = 0.

Hence, u; = uz = up and [w]? + 29192 cos [s] = ¢? + ¢3.
From (4.7) we obtain the equalities h; = 0 and

[w]?h? = (g2sin(s + s2 + ug'z) — qusin (s + s1 + zug!)) (A2 + r~2R2).

In the last equality, z is a free variable. Equating the z-dependent coefficients of the linearly independent
functions to zero, we have ¢ = 1 and s3 = 31, i.e., [u] = 0, which contradicts the proposition.

In the same manner, it is proved that there cannot be a noninvariant shock wave.

An invariant shock wave in the form of an Archimedes screw can connect two different solutions of the
form (2.2).

Proposition 5. An invariant shock transition is possible on solutions (2.2). In this case, on one side
of the discontinuity it is possible to specify a solution with two arbitrary functions, and on the other side,
solution (2.2) is determined with accuracy up to a solution of an ordinary differential equation of the first
order.

Proof. Let the gas flow on both sides of an invariant shock wave h(z,r,s) = Hp be defined by
functions (2.2):

vi=0, wi(r), wir), pi(r), pi=r""pi(wi+1)72%



Equalities (4.7) take the form h, = 0 and [u] "'k, = r~2[w]~h,. Hence,

[u] = Cr?[w], (4.9)

where C is an arbitrary constant and A = s + Cz. Thus, the shock-wave surface is an Archimedes screw.
We determine the relative velocities w; = (Cu; + w;)(C? 4+ r~2)~1/2 at which equality (4.8) holds identically.
From the equations of shock transition we determine

p2 = G(p2, ;1,7 1P (w1 +1)7%), (o) = G - py (w1 +1)"2r" 2,
Cuy +wr = r~1(r2C% + )YH(GIp])* (o1 (o)) ~1/2,
Cuz + w2 = r 1 (r2C? + VYWHGp}) (o1 [p)) /2.

Substitution of these expressions into (4.9) gives the differential equation for py: r(C?%r? + 1)p} (¢’ ;/ 2 1+
w)(rG)Y?)? = (p2 — p1)(Gr(w1 + 1)2 — p!). The functions wi(r) and p;(r) can be chosen arbitrarily.

On the whole, the shock-wave surface is given by one step of a helical surface. Its trace on the cylinder
is bounded by helical streamlines ahead of the shock and behind it. If the angle between the velocity vector
and the cylinder axis behind the shock increases, then behind the helical curve of the shock, one should place
a wall bounded by the helical streamlines behind the shock and a portion of the helical curve ahead of the
shock whose length is equal to the step of the helical curve of the shock. If this angle decreases, then ahead of
the helical curve of the shock one should place a wall bounded by the helical streamlines ahead of the shock
and a portion of the helical curve behind the jump, whose length is equal to the step of the helical curve of
the jump.

5. Solutions without Singularities on the Axis. Submodel (1.1) for r = 0 can have a singularity.
A solution without a singularity is represented as a series in nonnegative powers of the variable r. Substitution

of the series into system (1.1) leads to the necessary condition for existence of such solutions. The series should
have the form

u=Y wrk, v=rY urt, w=Y wrt, p=Y prt, p=P@)+r2Y prt,
A=Y Ak, Ak=(k!)_1DfA(P,P)|,=0= Adpr+Adpr_a+AS p1pe_1 + A p1Pk—3 + ..., (5.1)
Ao = A= A(po, P), A1=Alp,

where D¥ is the kth power of the operator of full differentiation with respect to r; summation is performed
over whole k£ 2 0.

The quantities with zero satisfy the equations of the principal term of the asymptotic representation
Doug = —pO—IPl, Dove = —vg +(1+ ID0)2 - 2p6'lpo, Dowq + p(')-lpos = —2vg(1 + wq),
Dopo = —AglpouoP’, uor + wos = —2v9 — AglugP’, Do = uod; + wods. (5.2)

System (5.2) is a Cauchy-type system in the variable s for wg # 0. The quantities P'(z) and Ag = A(pg, P)
are arbitrary elements. The system can be subjected to group analysis. The quantities ug, vg, pi, and pi
(k > 0) are determined from the linear equations

Douy = —(uoz + kvo)ug — uoswy + P'ogor + g7,
Dovg = —vozug — (k + 2)vovk + (2 + 2wo — vos)wi + 2popy ok — (k + 2)p5 ' pr + 95,
Dowy + pg ' prs = —wozur — 2(wo + 1)k — (wos + (k + 2)ve)wi + pospg ok + 95, (5.3)
Dopi = (A poP’ — poz)ur — poswi + (Ag o P’ — Ag?pouc P'A) — kvo)pi + g5,
Ukz + Wi = — A7 Plug — (k + 2)ug + Ay uo P' Ajpi + g,

where gF are expressed in terms of uy, v, wi, pi, and pi_y, I = 0,...,(k — 1). For k¥ = 1, we obtain the
homogeneous linear system gl=0,i=1,...,5
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System (5.3) is a Cauchy-type system in the variable s for wo # 0. Thus, the formal series (5.1) can
be constructed. This form of series is necessary for existence of a solution without a singularity on the axis.

The algebra admitted by (5.2) is sometimes extended to the variables of systems (5.3). For example,
for P" = 0, the algebra of system (1.1) is admitted, and, hence, invariant solutions for Egs. (5.2) and (5.3)
can be constructed.

In the case wg = 0, system (5.2) should be tested for compatibility. There are two integrals
A(po, P)poz = —poP' => S(po,P) = C(s) = po = ¢g(P,C) and ud + I(P,C) = E?*(s), where
I1=2 / ¢~ Y(P, C)dP, which give the form of the solution

1 - - 3 5 _ 1 .- - 1
2P0=P0[1—'2‘P" Pol'U(Z)Aol)“‘Plz(§P02"02—Polel+Ao3"(2)(§Ag+AoAg+P0Ag))],

209 = P'(pglug! — ugAg?).

It remains to satisfy the compatibility equation uopos + (1 — ufpoAg*)P' = 0.

For an arbitrary function A(pg, P), this is possible only for P' = 0. Hence, P and C are constants,
po = (o is a constant, pg = (1/2)Co, vo = 0, and ug = E(s) is an arbitrary function. Systems-(5.3) are thus
compatible.
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